Let (R, m) be a d-dimensional Noetherian local ring and E a finitely generated R-submodule of a free module R p . In this work we introduce a Buchsbaum-Rim multiplicity sequence c k (E), k = 0, . . . , d + p − 1 for E that generalize the Buchsbaum-Rim multiplicity defined when E has finite colength in R p as well as the Achilles-Manaresi multiplicity sequence that applies when E ⊆ R is an ideal. Our main result is that the new Buchsbaum-Rim multiplicity sequence can indeed be used to detect integral dependence of modules. Our proof is self-contained and implies known numerical criteria for integral dependence of ideals and modules.
Introduction
Let (R, m) be a local Noetherian ring, N a finitely generated d-dimensional R-module, and I ⊆ J be two ideals in A. Recall that I is a reduction of * This work was prepared during stay at ICMC-USP-São Carlos-Brazil financed by CNPq-Brazil -Grant 151733/2006 -6. 2000 Mathematics Subject Classification: 13H15(primary), 13B22(secondary). Key words: Rees's theorem, integral closure, multiplicity sequence (J, N) if IJ n N = J n+1 N for sufficiently large n. If I ⊆ J are m-primary and I is a reduction of (J, N) then it is well known and easy to prove that the Hilbert-Samuel multiplicities e(J, N) and e(I, N) are equal. D. Rees proved his famous result, which nowadays has his name, that the converse also holds: Theorem 1.1. (Rees's Theorem, [R] ) Let (R, m) be a quasi-unmixed local ring, N a finitely generated d-dimensional R-module, and I ⊆ J m-primary ideals of R. Then, the following conditions are equivalent:
(i) I is a reduction of (J, N);
(ii) e(J, N) = e(I, N). Now assume that I ⊆ J are arbitrary ideals with the same radicals √ J = √ I. If I is a reduction of J then we have always e(J p , R p ) = e(I p , R p ) for all minimal primes of J. However, the converse is not true, in general. Under additional assumption E. Böger [B] was able to prove a converse as follows: let J ⊆ I ⊆ √ I be ideals in a quasi-unmixed local ring R such that s(I) = ht(I), where s(I) denotes the analytic spread of I. Then I is a reduction of J if and only if e(J p , R p ) = e(I p , R p ) for all minimal primes of J.
Using the j-multiplicity defined by R. Achilles and M. Manaresi [AM1] (a generalization of the classical Hilbert-Samuel multiplicity), H. Flenner and M. Manaresi [FM] gave numerical characterization of reduction ideals which generalize Böger's theorem to arbitrary ideals: let I ⊆ J be ideals in a quasiunmixed local ring R and N a finitely generated d-dimensional R-module. Then I is a reduction of (J, N) if and only if j(J p , N p ) = j(I p , N p ) for all p ∈ Spec (R) .
There is another generalization of the classical Hilbert-Samuel multiplicity for arbitrary ideals due to R. Achilles and M. Manaresi [AM2] . They introduced, for each ideal I of a d-dimensional local ring (R, m) and N a finitely generated d-dimensional R-module, a sequence of multiplicities c 0 (I, N) , . . . , c d (I, N) which generalize the Hilbert-Samuel multiplicity in the sense that for m−primary ideals I, c 0 (I, N) is the Hilbert-Samuel multiplicity of I in N and the remaining c k (I, N), k = 1, . . . , d are zero. In fact, their definition was given in the case that N = R but their construction can be readily extended to this context.
Using the above multiplicity sequence defined by R. Achilles and M. Manaresi [AM2] , the authors gave the following numerical characterization of reduction of ideals which generalize Rees's theorem for arbitrary ideals [CP2, Theorem 5 .5]: Theorem 1.2. Let (R, m) be a quasi-unmixed d-dimensional local ring and N a finitely generated d-dimensional R-module. Let I ⊆ J be proper arbitrary ideals of R such that ht(I) > 0. Then the following conditions are equivalent:
On the other hand, the Buchsbaum-Rim multiplicity e BR (E) is a generalization of the Samuel multiplicity and is defined for submodules of free modules E ⊂ R p such that R p /E has finite length. These were first described by D. A. Buchsbaum and D. S. Rim in [BR] . The Buchsbaum-Rim multiplicity has been generalized, in the finite colength case, by D. Kirby [Ki] , D. Kirby and D. Rees [KR] , D. Katz [K] , S. Kleiman and A. Thorup [KT] and A. Simis, B. Ulrich and W.Vasconcelos [SUV] . For an extensive history of Buchsbaum-Rim multiplicity we refer to [KT] . Using the BuchsbaumRim multiplicity S.Kleiman and A. Thorup [KT] and D. Katz [K] prove the following generalization of the Rees's theorem for modules: Theorem 1.3. Let (R, m) be a quasi-unmixed local ring, E ⊆ F finitely generated R-submodule of a free module R p such that R p /E has finite length. Then, the following conditions are equivalent:
There have been some generalizations of the above theorem for arbitrary submodules E of a free module R p which we now describe. T. Gaffney in [Ga] introduced a sequence of multiplicities e i (E), 0 ≤ i ≤ d = dim R in the analytic context. This sequence satisfies a Rees type theorem: Suppose that E ⊂ F ⊂ R p are R := O X,x -modules where X d is a complex analytic space which as a reduced space is equidimensional, and which is generically reduced. Suppose that
is the standard Buchsbaum-Rim multiplicity of E, and the others e i 's are zero. Unfortunately, for ideals of non-finite colength, Gaffney's multiplicity sequence does not coincide with the Achilles-Manaresi multiplicity sequence and also the codimension condition of E in R p is built into the definition of the multiplicity which uses a codimension filtration ascending from the integral closure of the module.
On the other hand, the authors in [CP1] extend the notion of the BuchsbaumRim multiplicity of a submodule of a free module to the case where the submodule no longer has finite colength. For a submodule E of R p they introduced a sequence e k BR (E), k = 0, · · · , d + p − 1 which in the ideal case coincides with the multiplicity sequence c 0 (I, R), . . . , c d (I, R) defined for an arbitrary ideal I of R by R. Achilles and M. Manaresi [AM2] . They also proved that if
Nevertheless their multiplicity sequence does not generalize Rees's theorem for arbitrary modules.
There is also a particularly beautiful generalization of Flenner-Manaresi theorem for arbitrary submodules of a free modules due to B. Ulrich and J. Validashti (see [UV] ), they introduced a multiplicity j(E) for a submodule of the free module R p that generalizes the Buchsbaum-Rim multiplicity defined when E has finite colength in R p as well as the j-multiplicity of AchillesManaresi that applies when E ⊆ R is an ideal. Their result is as follows: Theorem 1.4. Let (R, m) be a universally catenary ring, E ⊆ F finitely generated R-submodule of a free module R p , and N a finitely generated locally equidimensional Noetherian R-module. Assume that E p = F p for every minimal prime p of R. Then, the following are equivalent:
Let (R, m) be a Noetherian local ring, E a finitely generated R-submodule of a free module R p , and N a d-dimensional finitely generated locally Noetherian R-module. In this work we introduce a Buchsbaum-Rim multiplicity sequence c k (E, N), k = 0, . . . , d + p − 1 for the pair (E, N) that generalize the Buchsbaum-Rim multiplicity defined when E has finite colength in R p as well as the Achilles-Manaresi multiplicity sequence that applies when E ⊆ R is an ideal. Our main result is that the new Buchsbaum-Rim multiplicity sequence can indeed be used to detect integral dependence of modules: Theorem 1.5. Let (R, m) be a Noetherian local ring, E ⊆ F ⊆ R p be R-modules and write I := R 1 (E) and J := R 1 (F ) for the corresponding ideals of A := Sym (R p ) . Assume that ht (I) > 0. Let N be a d-dimensional finitely generated R-module such that dim N/mN < dim N = d. Consider the following statements:
Then, (i) implies (ii) and if N is quasi-unmixed the converse also holds.
The paper is organized as follows. In section 2, we recall the basic results of Hilbert functions of bigraded algebras. In sections 3 and 4, we introduce two multiplicity sequences associated to ideals generated by linear forms, which we call c * -Buchsbaum-Rim multiplicity sequence and c ♯ -BuchsbaumRim multiplicity sequence. They coincide in most cases (Proposition 4.2), but serve different purposes: the first multiplicity sequence is more reasdily seen to be additive onshort exact sequences of graded modules (Theorem 3.2) and this immediately implies that it remains constant when passing to a reduction (Theorem 3.4). The second multiplicity sequence on the other hand is more suited for proving that conversely, the constancy of the multiplicity sequence implies integral dependence (Theorem 5.3). In section 5, we introduce the Buchsbaum-Rim multiplicity sequence associated to an arbitrary submodule E of a free module and prove our main result (Theorem 5.3). Our approach is partly inspired by [CP2] , [UV] and [AM2] .
Multiplicity sequence
In this section we recall some well-known facts on Hilbert functions and Hilbert polynomials of bigraded modules, which will be essential for defining the Buchsbaum-Rim multiplicity sequence associated to a pair (I, M). Let R = ⊕ ∞ i,j=0 R i,j be a bigraded ring and let T = ⊕ ∞ i,j=0 T i,j be a bigraded R-module. assume that R 0,0 is an Artinian ring and that R is finitely generated as an R 0,0 -algebra by elements of R 1,0 and R 0,1 . The Hilbert function of T is defined to be
For i, j sufficiently large, the function h T (i, j) becomes a polynomial P T (i, j). If D denotes the dimension of the module T , we can write this polynomial in the form W, Theorem 7, p. 757 and Theorem 11, p. 759] . We also consider the sum transform of h T with respect to the first variable defined by
From this description it is clear that, for i, j sufficiently large, h
(1,0) T becomes a polynomial with rational coefficients of degree at most D − 1. As usual, we can write this polynomial in terms of binomial coefficients
we get a
Definition 2.1. For the coefficients of the terms of highest degree in P
(1,0) T we introduce the symbols
which are called the multiplicity sequence of T .
Let (R, m) be a local ring, S = ⊕ j∈N S j a standard graded R-algebra, N = ⊕ j∈N N j a finitely generated graded S-module, and
the bigraded F -module with
Notice that F 0,0 = A/m is a field.
Definition 2.2. Consider an integer
First we show that this c D -multiplicity behaves well with respect to short exact sequences.
Proposition 2.3. ([CP2, Proposition 2.3]) Let (R, m) be a local ring and
3 c * -Buchsbaum-Rim multiplicity sequence Let (R, m) be a Noetherian local ring, A a standard graded Noetherian Ralgebra, I an ideal of A generated by elements of degree one, and M a finitely generated graded A-module.
Let t be a variable. Consider the extended Rees ring of I
R(I, A)
where we set I n = R for n ≤ 0. Analogously consider the extended Rees module
where we set I n = R for n ≤ 0. Notice that R(I, M) + is a module over R(I, A) + which gives rise to the associated graded module of M with respect to I,
which is a module over the associated graded ring G I (A) of the same dimension as M. 
+ a finitely generated graded module over this algebra. Notice that
The graded so defined on the extended Rees module and the associated graded module is called internal grading-for it is induced by the grading on the module M (see [UV] ). 
To be more explicit, consider the standard bigraded R-algebra
where G I (A) is graded by the internal grading, and the finitely generated bigraded module over this algebra
where G I (M) is graded by the internal grading.
Observe that S * 0,0 = A/m is a field and T * has dimension dim M. We denote the Hilbert-Samuel function ℓ S * 0,0
) by h * (I,M ) (s, n) and its first Hilbert sum by h * (1,0)
For s, n ≫ 0, we define the polynomial h * D (I,M ) (s, n). We will need the fact that the c * -Buchsbaum-Rim multiplicity sequence is additive on short exact sequences: 
Proof. The proof is similar to that of [CP2, Theorem 5 .1].
Lemma 3.3. Let (R, m) be a local ring, A a standard graded Noetherian Ralgebra, and I ⊆ J ideals of A generated by linear forms such that ht(I) > 0, M a finitely generated graded A-module of dimension D. Then, for all k = 0, . . . , D − 1 
Observe that S ♯ 0,0 = A/m is a field. We denote the Hilbert-Samuel func-
and its first Hilbert sum by h
For s, n ≫ 0, we define the polynomial h 
Thus in this case c 0 (E) = e BR (E) and c k (E) = 0 for all k = 1, . . . , d+p−1. In case that E is an ideal I of R then the Buchsbaum-Rim multiplicity sequence c k (E, N) coincides with the Achilles-Manaresi multiplicity sequence c k (I, N) for all k = 0, . . . , d. Then, (i) implies (ii) and if N is quasi-unmixed the converse also holds.
